
- 1  t 
1 , 
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ABSTRACT. This  paper explores severa l  graph t h e o r e t i c  c l u s t e r  techniques 
aimed a t  t h e  automatic genera t ion of t h e s a u r i  f o r  information r e t r i e v a l  
systems. Experimental c l u s t e r  a n a l y s i s  is  performed on a sample corpus of 
2267 documents. A term-term s i m i l a r i t y  matr ix  is const ructed  f o r  t h e  3950 
unique terms used t o  index t h e  documents. Various threshold  values ,  T ,  a r e  
appl ied  t o  t h e  s i m i l a r i t y  mat r ix  t o  provide a s e r i e s  of b inary  threshold  
matr ices .  The corresponding graph of each binary  threshold  mat r ix  is used 
t o  o b t a i n  t h e  term c l u s t e r s .  . 

Three d e f i n i t i o n s  of a c l u s t e r  are analyzed: 

I. The connected components of t h e  threshold matrix.  
'2. The maximal complete subgraphs of t h e  connected components of t h e  

threshold  matrix. 
3. A clus ter  of t h e  maximal complete subgraphs of t h e  threshold  matr ix ,  

as described by Gotl ieb and Ku~nar :[16]. 

Algorithms are described and analyzed f o e  .'obtainihg each c l u s t e r  type. 
The algori thms a r e  designed t o  be u s e f u l  f o r  l a r g e  document and index 
co l l ec t ions .  Two a l g o r i t h n s  have been t e s t e d  t h a t  f i n d  maxrmal complete 
subgraphs. An algori thm developed by Biers tone  [6] ,  o f f e r s  a s i g n i f i c a n t  
t i m e  improvement over one suggested by Ronner [7] .  

/ 
For threshold l e v e l s ,  T 20.6, b a s i c a l l y ,  t h e  same c l u s t e r s  a r e  developed 

regard less  of t h e  c l u s t e r  d e f i n i t i o n  used. I n  such s i t u a t i o n s  one need only 
f i n d  t h e  connected components of t h e  graph t o  develop t h e  c l u s t e r s .  
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One of t he  major- problerns concerning a use r  of p r e s e n t  day irtfol-1uaLio11 

systems i s  ho:.~ t o  e x t r a c t  in format ion  p e r t i n e n t  t o  h i s  needs.  The r a r e  

i n d i v i d u a l  who knows e x a c t l y  what Ile wants ,  and i s  aware of what t h e  system 

c o n t a i n s ,  w i l l  encounter few problems. The m a j o r i t y  of u s e r s ,  however, a r e  

u s u a l l y  unable t o  d e f i n e  a l l  i t ems  of i n t e r e s t  t o  them, and a r e  n o t  i n t i m a t e l y  

f a m i l i a r  w i th  t h e i r  c o l l e c t i o n .  Even i f  a n  adequate  d e s c r i p t i o n  of t h e  t y p e  

of informat ion  d e s i r e d  can be s p e c i f i e d ,  most u s e r s  a r e  no t  s u f f i c i e n t l y  

f a m i l i a r  w i th  t h e  document c o l l e c t i o n  t o  a s s u r e  t h e  r e t r i e v a l  of docuznents 

. r e l e v a n t  t o  t h e i r  needs. 

I n  most i n f o r n ~ a t i o n  systems, whether automated o r  n o t ,  some r e l a t i o n s h i p  

. can be e s t a b l i s h e d  between t h e  v a r i o u s  terms used t o  Index documents. 

. Extens ive  experimental  work has  been undertaken i n  o r d e r  t o  develop s t a t i s -  

'. t i c a l l y  determined term a s s o c i a t i o n s .  However, work perfomled by S a l t o n  [35]  

and Lesk 1231 on a  l i m i t e d  sample document c o l l e c t i o n  i n d i c a t e s  t h a t  a w e l l  

cons t ruc t ed  thesaurus  may prove t o  b e  t h e  b e s t  method of e x h i b i t i n g  t e r m  

a s s o c i a t i o n s .  I f  t h i s  obse rva t ion ,  based on a sma l l  co rpus ,  proves t o  b e  

t r u e ,  t h e  problem remains t h a t ,  even though a r e l a t i o n s h i p  between index  terms 

g e n e r a l l y  e x i s t s ,  very  few t h e s a u r i  of index terms a r e  ava i l -ab le .  Bow, t h e n ,  

s h a l l  such a thesau rus  be generated? 

One approach i s  t o  compile a thesau rus  manually,  as f o r  example, t h e  
/ 

t he sau rus  f o r  t h e  EUFATOM nucl-ear energy docun~ent c o l l e c t i o n .  The r e s u l t  gs 
a w e l l  s t r u c t u r e d  thesaurus  r ep re sen ted  i n  bo th  L i s t  and graph$cal  form [ 1 4 ] .  

The c o n s t r u c t i o n  of such a thesaurus  is  a complex, t h ~ e  consuming o p e r a t i o n ,  

Highly s k i l l e d  subjec t -a rea  s p e c i a l i s t s  must be  used i n  o r d e r  t o  i n s u r e  proper  

constr-uct ion.  For document c o l l e c t i o n s  l a r g e r  and more general- i n  n a t u r e  t han  

t h e  EWELATOPi co1.l e c t i o n ,  subj  ec t - a rea  s p e c i a l i s t s  c o v e r b g  a wide v a r i e t y  of 

f i e 9 . d ~  must be  used.  Problenls may be  encount'ered' i n  subd iv id ing  t h e  document 

c o l l e c t i o n  i n t o  s u b s e t s  t h a t  % r i l l  be  meaningful  t o  t h e  ind iv idua l .  e x p e r t s .  The 

use of such a wide range of s p e c i a l - i s t s  may be no t  o n l y  i m p r a c t i c a l  economicall.~7, 

s- 
bu t  p h y s i c a l l y  impossible .  During t h e  t ime r equ i r ed  t o  c o n s t r u c t  such a 

thesau rus ,  t h e  u s e r  of t h e  infornlat ion system w i l l  s u f f e r  due t o  t h e  l a c k  of 

~nformzt l ion  about t h e  docuxilent ccjliect,iozl which i s  ava4.IabI.e. 

Experimentat ion i n  t h e  f i e l d  of c l u s t e r  a n a l y s i s  is aimed a t  p rov id ing  t h e  

u s e r  of a n  informat ion  system wi th  ail autoruaticcll.ly genera ted  t h e s a u r u s .  The 
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thesaurus  produced could provide a two-fold pul-pose. F i r s t ,  i t  could 

c o n s t i t u t e  a  reasonable  r e p r e s e n t a t i o n  of t he  i n t c r r - c l n t e d ~ ~ e s s  of t h e  j-ndcx 

terms t h a t  could be used t o  query t h e  document c o l l e c t i o n .  Second, i f  a  

b e t t e r  thesaurus  i s  d e s i r e d ,  t h e  term r e l a t i o n s  e s t a b l i s h e d  by a c l u s t e r i n g  

scheme cou1.d provide a n  o r i g i n a l  p a r t i t i o n  of t h e  terms which sub jec t - a rea  

s p e c i a l i s t s  could then  r e f i n e .  Many of t h e  t ed ious  and t ime consuming problems 

of thesaurus  c o n s t r u c t i o n  f o r  l a r g e ,  g e n e r a l ,  document c o l l e c t  i o n s  the reby  

could be avoided. 

An automatic ,  o r  semi-automatic g e n e r a t i o n  scheme should prove v a l u a b l e  

' . f o r  l a r g e ,  g e n e r a l ,  document c o l l e c t i o n s  about  which l i t t l e  i n fomia t ion  

concerning t h e  s p e c i f i c  c o n t e n t s  i s  knbm.  It is t o  t h i s  problem t h a t  t h i s  

paper is  addressed.  

2. Related TJorlc i n  C l u s t e r  Analys is  - 
2.1 General C l u s t e r  Techniques 

Many i n d i v i d u a l s  have made s u b s t a n t i a l  c o n t r i b u t i o n s  t o  t h e  f  ie1.d of 

c l u s t e r  a n a l y s i s .  B a l l  [ 4 ] ,  surveys  many of t h e s e  e f f o r t s .  In t h i s  s e c t i o n ,  

w e  b r i e f l y  note 'some of t h e  previous  c o n t r i b u t i o n s  t o  deve loping  c l u s t e r s  

of tenns I n  a document c o l l e c t i o n .  Tanfmoto, [ 3 4 , 4 3 ] ,  i n  t h e  l a t e  1 9 5 0 T s ,  I 

s tud ied  a s p e c t s  .of thlis problem. We u s e  Tanimoto's s i rn i l - a r i t y  measure i n  

. t h i s  study. 

I n  1960, Borko [ a ]  used t h e  p r F i ~ c i p l e  of f a c t o r  a n a l y s l s  t o  develop 

e l u s e e r s  f o r  a 90 x 90 c o r r e l a t i o n  m a t r i x .  S t i l e s  and S a l i s b u r y  [42], have 

'developed a so-ca l led  B-coef f ic ien t ,  t o  subdivide. t e rm-pro f i l e s  i n t o  d i s t i n c t  

s e t s . ,  Baker, 133, i n  1.962, suggested t h e  u s e  of l a t e n t  c l a s s  a n a l y s i s  t o  

'develop c l u s t e r s ,  

Meedham [25] ,  has  experknented wi th  c l u s t e r  f i n d i n g  techniques  us ing  what 

he caJ1s a r i t h m e t i c  cohesion,  and terms h i s  p roces s  'clump' f i n d i n g .  Sparck-. 

Jones [33], a t  t h e  Ca~ubridge Language ~ e s e a r c l ;  Unit  h a s  extended Needham's 

.work, and has  experimented k ~ i t h  a s e t  of 641 terms.  

ReCently, Da t to l a  [13 ] ,  has  developed a  c l u s t e r  method based on a n  

adap ta t ion  of a technique  suggested by Doyle [ l 4 ] .  D a t t o l a ' s  t echn ique  a s s u r e s  

t h a t  h i s  nethod r ~ i l l  converge t o  a sit- of c i u s i e r s ,  urhereas Doyle 's  approach 

need not. t e rmina te  . 
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2.2 Graph T h e o r e t i c a l  C l u s t e r  Technjques 

The o r i g i n a l  sugges t ion  t o  use graph thco re t i ca l .  d e f i n j t i o n s  of a c l u s t e r  

was made, perhaps,  by Kuhns [ 2 2 ]  i n  December 1959.  Kuhns, I n  h i s  pape r ,  

d e f i n e s  t h e  maximal cornplete subgraph of a  graph a s  a  c l u s t e r .  A maximal 

complete subgraph of a  graph i s  a  subgraph i n  which every  p a i r  of nodes i n  

t h e  subgraph i s  connected by an edge of t h e  graph.  Kuhns does no t  p rov ide  

experimental  r e s u l t s  i n  h i s  paper .  

Parker-Rhodes and Needham [27,30,31] have de f ined  what i s  c a l l e d  a  G-R 

. clump, a n  i t e r a t i v e  procedure having some graph t h e o r e t i c a l  r e l a t i o n s .  Dale  

and Dale [ l 2 ]  have experimented w i t h  t h i s  technique .  

Spzrck-Jones 1371 has  r epo r t ed  on a n  ex tens ion  of c l u s t e r i n g  work performed 

by h e r s e l f  and Needham. C l u s t e r s  were produced from a d a t a  base  of 712 terms 

us ing  four  d e f i n i t i o n s  of a c l u s t e r ,  which she  terms ( I )  s t r i n g s ,  (2) s t a r s ,  

. (3) c l i q u e s  (which a r e  termed maximal subgraphs i n  t h i s  pape r ) ,  and ( 4 )  clumps. 

ZGotlieb and Rumar [IS]  a l s o  u s e  t h e  concept  of maximal complete sub- 

graphs f o r  d e f i n i n g  c l u s t e r s .  They employ t h e  L ib ra ry  s f  Congress Sub jec t  

Beading l i s t  t o  develop c l u s t e r s  of terms r a t h e r  than  a document c a l l - e c t i o n  

from which one develops a  tenn-term ma t r ix .  An impor tan t  a spec t  of t h e i r  work 

i s  t h e  sugges t ion  t o  form c l u s t e r s  of t h e  c l u s t e r s .  W e  experiment w i t h  t h i s  

ap+oach i n  t h i s  paper .  

Other work i n  c l u s t e r  a n a l y s i s  i s  r e fe renced  i n  t h e  b ib l iog raphy .  
. 

.. , 
/ 

*. 3.  E x p e r i m e n t a _ 1 ~ - ~ _ L ~  

The exper imenta l  worlc r epo r t ed  on ii t h i s  paper i s  p re sen ted  i n  a more 

ex tens ive  paper  [29. The work c o n s i s t e d  of t h e  development s f  a . d a t a  base ,  

consls tLng of a  s e t  of documents and a s e t  of kerns  used t o  index t h e  

documcnts. A sj_rtl i larity ma t r ix  is  cons t ruc t ed  from t h e  document-term m a t r i x  

t o  S ~ O T - 7  t h e  i n t e r r e l a t e c l n e s s  of t h e  v a r i o u s  index terms.  The s i m i l a r i t y  

ma t r ix  has  e n t r i e s  between 0 and 1 f n  t h e  m a t r i x .  Various t h r e s h o l d  v a l u e s  

a r e  app l i ed  t o  t h e  s i m i l a r i t y  ma t r ix  t o  produce t h e  t h r e s h o l d  m a t r i c e s  upon 

which the  c l -us te r ing  process  j s  performid.  The connecLed components(') o f  t h e  

thrcsl lold m a t r j c e s  provide t h e  wealtest d e f i ~ ~ i t i o n  of a c l u s t e r ;  t h e  maximal. 

(1) A connected coiilponent of a  graph c o n s i s t s  of t h e  s c t  of n o d ~ ~  t h a t  a r e  

nlutual-Ly r eachab le  by proceeding a long  t h e  edges of t h e  graph ,  



complete subgraphs of t h e  threshold  m a t r i c e s  provide  t h e  s t r i c t e s t  definit5.011 

of a c l u s t e r .  (Fig.  1 i l l u s t r a t e s  a t y p i c a l  c l u s t e r  graph,  and t!le d e f i n i t i o n s  

used f o r  a c l u s t e r . )  Some combining of t h e  maximal complete subgraphs is  

performed i n  order  t o  provj.de a d e f i n i t i o n  of a c l u s t e r  i n t e rmed ia t e  between. 

t h e  connected components of a graph and t h e  maximal complete s e t  of t h e  graph.  

A corpus c o ~ l s i s t ~ n g  of 2267 documents and 3950 unique index terms, and 

concerning a wide v a r i e t y  of t o p i c s  was used f o r  t h e  s tudy.  A term-term 

s i m i l a r i t y  mat r ix ,  c o n s i s t i n g  of elements a u s ing  t h e  Tanimoto [ 3 4 ]  
i j  ' 

s i m i l a r i t y  measure, a a s  then  cons t ruc t ed .  The element a of t h e  term-term 
i j  

mar t ix  r e p r e s e n t s  t h e  degree  t o  which terms i and j of t h e  document c o l l e c t i o n  

are i n t e r r e l a t e d .  A s e r i e s  of b ina ry  th re sho ld  m a t r i c e s  were cons t ruc t ed  from 

t h e  r e s u l t a n t  s i m i l a r i t y  ma t r ix  f o r  va lues  of T = 0 .1 ,  T = 0.2,  T = 0.3, T = 0 .4 ,  

T = 0.5,  T = 0.6,  and T = 0.7 .  I f  t h e  e n t r i e s  a of t h e  s i m i l a r i t y  ma t r ix  
i j  

were g r e a t e r  than  t h e  th re sho ld  va lue  T, t hen  t h e  corresponding e n t r y  of the. 

threshol-d mat r ix  was s e t  t o  one; o therwise ,  i t  w a s  s e t  t o  zero .  The b i n a r y  

symrrletric th reshold  ma t r ix  i s  ecluivalent t o  an  undi rec ted  graph where t i le terms 

a r e  t h e  nodes of t h e  graph,  and where an:edge e x i s t s  between nodes i and j i f  
t h 

t h e  threshold  ma t r ix  has  a one i n  . t h e  ( i , j )  p o s i t i o n .  Algorithms developed 

by Bonner [7] and B-ierstor~e 161 were modif ied and implemented t o  f i n d  t h e  
t 

maximal complete subgraphs of t h e  connected components of t h e  threshol-d matr-ices. 

Maximal complete subgraphs were produced from th re sho ld  m a t r i c s s  f o r  T = 0,4, 

T = 0.5, T = O . G ,  and T = 0.7 due t o  t h e  l a rge  s i z e  of t h e  connected compone~xts 

found f o r  val-ues of T ( 0.4. 



Sabo t a g c  

Insurgency, Paramilitary and Motivat ions)  

2. The graph has four  maxinial complete s e t s :  

{Bombers, M i s s i l e s ,  S t r a t e g i c ) ,  {Legal,  Sabotage, Recruitment, 

Propaganda), {Propaganda, Clandest ine,  G u e r r i l l a s ,  Insurgency, 

Pa rami l i t a ry ) ,  {Motivations, Clandes t ine ,  G u e r r i l l a s ,  Insurgency, 

Parami-l i tary)  . 
3. The graph has t h r e e  grouped maximal complete s e t s :  

{Bombers, S t r a t e g i c ,  M i s s i l e s ) ,  {Sabotage, Legal ,  Recruitment, 

Propaganda), {Propaganda, Clandes t ine ,  G u e r r i l l a s ,  Insurgency, 

Paramif i t a r y ,  Motivat ions) .  

F ig .  1 - T y p i c a l  C l r i s t e r s  



Using the procedure stiggested by Gotli.eb and Kulnal- [ 16 ] ,  t hose  maximal 

complete subgraphs which had a s igi l j  f i c a n t  niunber of conunon ternls were 

toge ther  t o  for111 new c l u s t e r s .  These c l u s t e r s  provide an in te r inedia te  

d e f i n i t i o n  between t h e  c l u s t e r s - d e f i n e d  by t h e  connected coinponcnts of t h e  

threshold  ma t r i ce s  and those  def ined  by t h e  maximal compl-ete subgraph of 

t h e  connected components. 

The c l u s t e r s  produced from t h e  s e v e r a l  t h re sho ld  m a t r i c e s  and t h e  t h r e e  

c l u s t e r  d e f i n i t i o n s  were analyzed and compared as t o  gene ra l  composition and 

con ten t .  

3 .2  ~ e s c r i p t i o n  of t h e  Corpus 

,The corpus used f o r  t h i s  s tudy  c o n s i s t s  of 2267 documents composed 

b a s i c a l l y  of r e sea rch ,  development, t e s t  an& w a l - u a t i o n  informat ion  from 22 

broad s u b j e c t s  f i e l d s  of  s c i e n c e  covering a f i v e  y e a r  per iod  from 1963 t o  1968. 

The ma jo r i t y  of t h e  docunlents a r e  from t h e  f l e l d s  of matheuiatics; phys i c s ,  

and comnlunication, For each document, t h e  au tho r ,  t i t l e ,  a b s t r a c t ,  and 

d e s c r i p t o r s  were ava i lab le .  For tb.e work r epor t ed  on i n  t h i s  paper ,  w e  a r e  

concerned only  wi th  t h e  t i t l e  and t h e  d e s c r i p t o r s .  

Approximately 90% of t h e  documents were ass lgned  d e s c r i p t o r s  a t  

composition time by t h e  au tho r .  The remaining docu~ilents were indexed by non.-i 

sub jec t -ma t t e r -o r i en t ed  i n d i v i d u a l s  w i th  t h e  a i d  of a mas ter  d e s c r i p t o r  

d i c t i o n a r y .  Nearly one-fourth of t h e  c o n t r i b u t i n g  a u t h o r s  had acces s  t o  t h i s  

master  d e s c r i p t o r  d i c t i o n a r y  whl1.e indexing t h e i r  own docuaents .  Re~arclJ.ess 

of who perfonued t h e  i n i t i a l  indexing of t h e  documents, a l l  indexed documents 

were pos t -ed i ted  by l i b r a r y  personnel  p r i o r  t o  i n s e r t i o n  i n t o  t h e  c o l l e c t i o n  

i n  o rde r  t o  a s s u r e  proper  indexing.  The au tho r s  of th t s  paper were n o t  

involved i n  t h i s  process ,  bu t  merely use  t h e  r e s u l t s  of t h e  above e f f o r t s .  

A s  t h i s  corpus was a l r e a d y  i n  machine r eadab le  form, t h e  t ed ious  work 

of ga the r ing  and encoding a  r e p r e s e n t a t i v e  s e t  of document-s was avoided.  The 

corpus i s  a subse t  of a  much l a r g e r  c o l l e c t i o n  composed of documents from 

t h e  same s u b j e c t  a r e a s .  Though 110 previous  exper imcnta l  t ~ o r k  had been 

performed on t h i s  p a r t i c u l a r  s e t ,  i t  was p o s s i b l e  t o  c o n s u l t  wi th  i n d i v i d u a l s  

who were b e t t e r  accluainted w i t h  t h e  con ten t s  .of  t h e  e n t i r e  col l e c t i o n  t o  

determine i f  t h e  c l u s t e r s  produced twrc  meaningful. 



S o w  measure of t h e  r e l a t e d n e s s  between Lcrms used t o  index t h e  

docu~i~ents  of t h e  d a t a  s e t  niust be e s t a b l i s h e d  i n  o r d e r  t o  perform c l u s t e r  

a n a l y s i s .  Severa l  d i f f e r e n t  s i n ~ i l a r i ~ y  measures have been proposed 

[7,12,1-8,21,41,43]. S ince  in-depth comparisons and e v a l u a t i o n s  concerning 

v a r i o u s  s i n ~ i l a r i t y  measures' have been conducted b e f o r e  by o t h e r  a u t h o r s  

[18,21,36], only  one s i m i l a r i t y  measure was s t u d i e d .  Spar&-.Jones [37] ,  i n  

pa r t i cu l - a r ,  comments t h a t  t h e  several .  s i m i l a r i t y  d e f i n i t i o n s  used i n  h e r  

c l u s t e r  product ion experiments  d i d  n o t  appear  t o  g i v e  r a d i c a l l y  d i f f e r e n t  

r e s u l t s ,  

The Taninloto [34] s i m i l a r i t y  measure was used f o r  t h i s  work. Tanimoto 

d e f i n e s  t h e  s i m i l a r i t y  measure between two index t e l x ~ s  i and j t o  be:  
t 

a 
(I) S(i . , - j)  = i j 

a - ' r a  - a  ii j j : i.j 

wl~erc  a,. r e p r e s e n t s  t h e  number of docu~nents  i n  which b o t h  i and j occur  as 
.LJ 

index ternls, and a r e p r e s e n t s  t h e  number of documents i n  which term i i s  
, i i 

used a s  a n  index  tern^. 

3.4 Creat ion  of t h e  Threshold I i a t r i x  

To f incl c l u s t e r s  accord ing  t o  t h e  t h r e e  de f in i . t i ons  cons ide red ,  it was/' 

necessary  t o  determine t h e  term-term a s s o c i a t i o n  m a t r i x .  I f  C = [ C .  .] 
X J  T (2) r e p r e s e n t s  t h e  document-fen,, rnatri.t('), t hen  C . C i s  t h e  term-.tern, m a t r i x  . 

,When t h e  tenn--term ma t r ix  i.s sui tabl-y nomal . ized a s ,  f o r  example, suggested by 

Tanimoto, t h e  e n t r i e s  of t h e  l iorfi~aliaed te rn- te rm have  v a l u e s  

. between 0 and I. By apply ing  a cut-off  v a l u e  of T t o  t h e  s i m i l a r i t y  m a t r i x ,  

whereby two terms a r e  considelred a s s o c i a t e d  i f  t h e  entr;cs i n  t h e  s i m i l a r i t y  

matrix a r e  2 T, t h i s  ma t r ix  i s  converted intd a b i n a r y  m a t r i x  termed the  

th re sho ld  mat r ix .  ------- 

(1) An n x ul b ina ry  m a t ~ - i x  r ep re sen f jng  a  da t a  s e t  of n documents and m unique 
index terms,  I f  document j i s  indexed by term j , then C = 1, otherwj s c  

j j . e . ,  = 0. 
3 3 

(2) An n~ x m syn~mctr ic  ~ n a t r i x  where C r e p r e s e n t s  tile nurnber of documents which 
i ' 

have been indexed by bo th  terms i 2nd j .  
(3) Also r e f e l r e d  t o  a s  t h e  s i m i l a r i t y  ma t r ix .  



The a c t u a l  p r o d u c t i o ~ ~  of t h e  term--term mat r ix  was acllieved by a  s e r i e s  

of programs xrhich avoided tlie problem of mu1 t i p l y i n g  l a r g e  m a t r i c e s .  A 

d e s c r i p t i o n  of t h i s  program is g iven  i n  [ 2 ] .  The progrant i s  a p p l i c a b l e  t o  

l a r g e  r ~ ~ a t r i c c s  and i s  un res t r a ined  by t h e  s i z e  of t h e  d a t a  s e t .  

3.5 Cons t ruc t ion  of t h e  Connected Components 

I n  developing term c l u s t e r s  f o r  l a r g e  document c o l l e c t i o n s ,  it i s  h e l p f u l  

t o  f i r s t  reduce t h e  graph i n  q u e s t i o n  t o  i t s  connected components. S ince  

elements  of c l u s t e r s  must be i n t e r r e l a t e d  t o  one a n o t h e r ,  i t  would be w a s t e f u l  

t o  a t tempt  t o  f i n d  c l u s t e r s  between ternis i n  s e p a r a t e  connected components. 

By reducing a graph t o  i t s  connected components and hand l ing  each  component 
. , 
as a d i s t i n c t  graph ,  term r e l a t i o n s  of l a r g e  document c o l l e c t i o n s  can b e  

reduced t o  a s i z e  t h a t  i s  manageable w i t h i n  t h e  c o r e  l i m i t s  of a conven t iona l  

-. computer. The connected components a r e  f u r t h e r  required since. t hey  provided  
- . . 

o u r  weakest d e f i n i t i o n  of a  c l u s t e r .  

An a lgor i thm h a s  developed which produced t h e  connected cornponents of a n  

Input  i r a p h  and was dependent only. upon t h e  number of nodes i n  t h e  i n p u t  

graph. The ou tpu t  connected components provided bo th  r e s u l t a n t  c l u s t e r s  and 

d i s t i n c t  d i v i s i o n s  of t h e  d a t a  s e t  f o r  i n p u t  - to  t h e  maxi~nal. complete subgraph 1 

a lgor i thms.  T h q a l g o r i t h m  developed is descr ibed  i n  [2].  It i s  a n  a d a p t a t i o n  

of t h e  a lgor i thm devel-oped by G a l l e r  and F i s h e r  and d e s c r i b e d  i n  [ 1 9 ] ,  p.  323; ' 

The a d a p t a t i o n  pe rmi t s ' one  t o  f i n d  connected components i n  l a r g e  graphs .  A 

graph wi th  2084 nodes and 6630 edges developed 475 connected components i n  

1.87 minutes .  This  t i m e  i nc ludes  t h e  t i n e  r equ i r ed  t o  i n p u t  t h e . g r a p h  from 

magnetic t a p e ,  and output  t h e  connected components o n t o  magnet ic  t ape .  For a l l  

. graphs d iscussed  i n  t h i s  paper ,  t h e  t imes  r equ i r ed  t o  f i n d  t h e  connected 

. components i n  t h e  graphs a r e  g iven  i n  Appendix 3 .  

. - 3.6 Development of t h e  Elaximal Complete S e t s  

Seve ra l  a lgor i thms have been developed f o r  g e n e r a t i n g  maxinial complete 

subgraphs of a graph.  These a lgo r i thms  were in t roduced  by Hararyand Ross,  

B ie r s tone  [GI, and Bonner [ 7 ] .  Apparent iy ,  t h e  Earary-Ross a lgo r i thm was t h e  

f i rst  developed; however, i t  invo lves  t h e  computation and manipula t ion  of 1-arge 

m a t r i c e s  f o r  1-arge input  graphs ,  .The B ie r s tone  and Bonner a lgo r i thms  a r e  more 

adaptable  t o  c l u s t e r  a n a l y s i s  f o r  l a r g e  d a t a  s e t s  and ,  a s  a r e s u l - t ,  were 



implernenied f o r  our work. Both the Giers tonc  and Lhe Bonner algorithrils a s  

repor ted  i n  t h e  l i t e r a t u r e  were no t  complete.  The a lgo r i thms  a r c  desc r ibed  

i n  t h i s  s e c t i o n  and presented  i n  d e t a i l  i n  t h e  appendix. Input  t o  t h e  two 

a lgor i thms cons i s t ed  of t h e  connected coniponents of t i le t h re sho ld  m a t r i c e s  

produced previous ly .  

3.6.1 Implementation of t h e  B ie r s tone  Algorithm f o r  Producing .\. . .. 
Maximal Completc Subgraphs 

The f o l l o v i n g  a lgor i thm,  developed by E i e r s t o n e  [ 6 ] ,  was used t o  produce 

maximal complete subgraph clusters ' ' ) .  The a lgo r i thm r e q u i r e d  a  minor 

mod i f i ca t ion  i n  o rde r  f o r  i t  t o  work. To th.e b e s t  of o u r  knowledge, t h e  

a lgor i thm has  no t  been implemented and used on an  ac tua l  d a t a  set p r e v i o u s l y .  

It was s e l e c t e d  a s  t h e  major c l u s t e r  producing a lgo r i thm f o r  t h i s  paper .  

The r e p r e s e n t a t i o n  of a graph i s  i n p u t  t o  the  a lgo r i thm w i t h  each  of t h e  

nodes p (-j .: I., . . . ,n) , ass igned  a  unique 11unibe-r used 2n a l l  0 -pera t ions  i n  
j ' 

p l a c e  of t h e  a c t u a l  nodes. For each node p  t h e r e  i s  a s s o c i a t e d  a set M 
j: 

where 
j ' 

. 
Pi = 1 t h e  p a i r  (pj,pk) r e p r e s e n t s  a n  edge of t h e  
j 

:graph and k > j } 

/ 
It i s  c r u c i a l  t o  t h e  o p e r a t i o n  of t h e  algorithrrl t h a t  M c o n t a i n  on ly  nodes p  

j k 
where k > j ( i . e .  - i f  node number 7 were connected t o  nodes 3 ,  5 ,  9 ,  31, and 

13, t h e  corresponding 11 e n t r y  woul-d be M = 9 1 3 The s e t s  M.  
j 7 3 - 

correspond t o  t h e  upper t r i a n g u l a r  fort11 of a m a t r i x ,  

We P u r t h e r  n o t e  t h a t  t h e  sarue a lgo r i thm can be  used t o  f i n d  t h e  rnaxinial 

complete s e t  of an  a c y c l i c  d i r e c t e d  graph;  t h a t  i s ,  a  d i r e c t e d  graph wi thou t  

cyc l e s .  One f i r s t  perfornis a t o p o l o g i c a l  s o 2 t  ( s e e  [19], p.  259 For a n  

- al-gorithm t o  develop a  t o p o l o g i c a l  s o r t )  on t h e  d i r e c t e d  graph.  Nodes a r e  

then  numbered i n  o rde r  of t h e i r  appearance i n  t h e  t o p o l o g i c a l  s o r t .  

To conserve s t o r a g e  space ,  t h e  e n t r i e s ,  M a r e  r ep re sen ted  i n  t h e  
1 ' - 

computer a s  b ina ry  v e c t o r s  where b i t  i i s  one i n  e n t r y  M i f  t h e  i n p u t  edge 
j 

1.'. 

(1) The  a l g o r i  tt,m was developed by M r .  E .  B ie r s tone ,  a s t u d e n t  i n  the ?lathec?atics 
Departnent at t h e  U n i v e r s i t y  of  Toronto,  



'(j , i )  i > j ,  e x i s h s ;  ot-hcrwise, b j  t  i. i s  z e r o ,  Thc number of b i - t s  r e q u i r e d  

f o r  e n t r i e s  of hI i s  clctc.~minecl by  t h e  s i z e  of the l a r g e s t  con~ lcc t cd  

component i n  t h e  e n t i r e  d a t a  s e t  be ing  processed.  

The a lgor i thm u t i l i z e s  a  s e t  of e lements  C (each of which i s  i n  t h e  

form of a b ina ry  v e c t o r )  where t h e  maximal complete subgraphs a r e  b u i l t  up. 

During the  o p e r a t i o n  of t h e  a lgo r i thm,  nodes a r e  added t o  t h e  v a r i o u s  complete  

subgraphs conta ined  i n  C ,  u n t i l ,  upon t e rmina t ion ,  a l l  of t h e  Ck ( k = l  y . . . , n )  

r ep re sen t  maximal complete subgraphs of t h e  inpu t  s e t .  

The algorj thnl  t a k e s  t h e  s e t  o f  nodes r ep re sen ted  by t h e  s e t  {p }u 
3 j 

(Ma+ 0) and a t t empt s  t o  f i n d  maximal complete subgraphs of t h i s  set which can  
J 

be sombined wi th  t h e  s e t  of complete subgraphs C t h a t  have a l r e a d y  been 
k 

2 developed, o r  can  b e  in t roduced  a s  new unique complete subgraphs of A 

t h e  d a t a  s e t ,  The fo l lowing  provides  a b r i e f  d e s c r i p t i o n  of t h e  a lgo r i thm.  

O r i g i n a l l y ,  i is s e t  t o  z e r o  and -j is  s e t  equal  t o  t h e  number of nodes 

i n  t h e  inpu t  graph.  The va lue  bf j i s  decremented by one u n t i l  a non-zero 

M i s  found. A t  t h i s  p o i n t ,  f o r  each p contained i.n M i i s  incremented 
5 k j ' 

by one and t h e  p a i r  {p j y  pk } i s  p laced  i n t o  C . Thi s  e s t a b l - i s h e s  a  set of 
i 

d i s t i n c t  e lements  C (lc = 3 ,  ...,i), each  c o n s i s t i n g  of node p and one o f  t h e  k j 
nodes t o  which p i s  connected,  a s  t h e  o r i g i n a l  s e t  o f  complete subgraphs 

j 
upon which t o  b u i l d .  

I t e r a t i v e  process ing  begins  by decrementing j by one u n t i l  a  non-zero M.-.' 
-' 3 

is Pound. When j becomes zero ,  t h e  a lgo r i thm i s  f i n i s h e d  and t h e  e lements  of 

t h e  a r r a y  C r e p r e s e n t  t h e  rnaxj.nla1. complete subgraphs of t h e  i n p u t  graph .  
k 

A temporary s t o r a g e  l o c a t i o n  19, used t o  keep t r a c k  of t h o s e  nodes of  M 
3 

thj-c11 a r e  n o t  added t o  some C i s  set equa l  t o  M . The v a l u e  of L is  s e t  k ' j 
equal t o  i ( t h e  number of  complete subgraphs produced s o  f a r  by t h e  system) 

and k is  s e t  t o  ze ro  s o  i t e r a t i o n  tlirough a l l  C can beg in .  The v a l u e  of  k 
k 

Is increased  by one, and i f  i t  i s  g r e a t e r  than L,, t h e n  a l l  c u r r e n t  cornpl-ete 

-subgraphs C,- (k = 1, . ,'. ,I,) have been searched  ..to de te rmine  where elements '  of 
KL 

M. can be in se r t ed" ) .  Any nodes s t i l l  ;emaining i n  IJ have no t  been i n s e r t e d  
J 

i n  t h e  s e t  of complete subgraphs C.  S ince  p i ,  by d e f i n i t i o n ,  i s  connected t o  
J 

a l l  such nodes, t h e  p a i r s  of i t ems  !" ¶Pk ) f o r  a l l  p  con ta ined  i n  W must be 
k 

c 9 .  

. (1) The e n t r y  M. i s  o n l y  cornpared w i t h  t h e  elenlents of C f o r  k = 1,. . . , L  
3 k - 

because a l l  entries C (k = L i- I , .  . . , i )  will have been i n t roduced  by k 
t h e  p re sen t  M . 

j 



i n s e r t e d  i n i o  t h e  syste~rt a s  cornplete subgraphs of deg ree  two. For each 

such p a i r ,  i i s  incrcnlenied hy onc and a  new compleie subgraph C = { p j  , p b  i 1 
i s  cons t ruc t ed  ( i . e .  - i f  W c o n t a i n s  nodes 10,  and 13, j = 4 ,  and i = 6 ,  

t hen  C = ( 4 ,  1 0 )  and C = ( 4 ,  1 3 ) ) .  Cont ro l  the11 r e t u r n s  back t o  c o n t i n u e  
7 8 

decrementing j i n  order  t o  i n t roduce  a  new s e t  M . 
j 

I f  k i s  not  g r e a t e r  t han  L,  a temporary s t o r a g e  l o c a t i o n  T  i s  s e t  equal  

t o  t h o s e  elements common t o  C and M By d e f i n i t i o n ,  e lements  of T a r e  
k j ' 

conta ined  w i t h i n  t h e  complete subgraph C Thus, a l l  e lements  of T must be k ' 
in te rconnected  and s i n c e ,  by d e f i n i t i o n ,  a l l  a r e  connected t o  p, ,  t h e  s e t  of 

J 

nodes T U {p,} f o r ,  a  complete subgraph. I f  T i s  empty, no meaningful  match 
. J 

- w i t h  C o r  M .  can be made i n  f u t u r e  s ' teps ,  s o  i t  i s  f u t i l e  t o  con t inue .  I f  k J 
. T c o n t a i n s  only  one node, t h e  most t h a t  can  be  accomplished by execu t ing  t h e  

. fo l lowing  s e r i e s  of complex s t e p s  would b e ' t b  i n t r o d u c e  t h e  set' {P,) U T a s  
J 

a complete subgraph of degree  two. A sTrfiple p roces s ,  u t i l i z i n g  W ,  was de f ined  

' ' prev ious ly  f o r  t h i s  purpose. Therefore ,  i f  T c o n t a i n s  fewer t h a n  ttro nodes, 

, c o n t r o l  i s  r e tu rned  t o  compare M w i t h  t h e  v a l u e s  of t h e  next  e n t r y  o f  C. I f  
j. 

3: c o n t a i n s  more than  two nodes, t h e  nodes of T a r e  d e l e t e d  from W a s  t hey  w i l l  

be i n s e r t e d  i n  t h e  fo l lowing  s t e p s  i n t o  t h e  s e t  C. 
, 

Depending upon t h e  va lues  of T, M and C one of t h e  fo l lowing  t h r e e  
j ' k ' 

a l t e r n a t i v e s  w i l l  be  used t o  i n t roduce  t h e  elements  of  T  i n t o  t h e  s e t  of 

complete subgraphs C. I f  T = Ck, A l t e r n a t i v e  (I) w i l l  b e  taken;  i f  T  P C b u t  k ,,, 
= 5' t hen  A l t e r n a t i v e  (11) w i l l  b e  taken;  i f  T & C and T & M t h e n  

k - j 3  

A l t e r n a t i v e  (111) w i l l  b e  used. 
, . 

- A l t e r n a t j v e  (I). T = C means t h a t  t h e  p r e s e n t  node under c o n s i d e r a t i o n  
k 

is  connected t o  a l l  e lements  of t h e  complete subgraph C Then, p must b e  
k ri 

connected t o  a l l  e lements  of C and can be  added t o  t h e  complete subgraph C k k ' 
Due t o  t h e  i t e r a t i v e  n a t u r e  of t h e  a lgo r i thm,  t h e  remaining C (q - k C 1,. ..,i) 

4 
must' be searched t o  s e e  i f  any a r e  s u b s e t s  of t h e  j u s t  a l t e r e d  C If any a r e  k 
found, they  must b e  d e l e t e d  from t h e  s e t  C. Bie r s tone  omi ts  t h i s  s t e p  from h3.s 

a lgor i thm.  The co r rec t ed  B ie r s tone  a lgo r i thm i s  d e t a i l e d  i n  Appendix 1.. 

A f t e r  t h e  above p roces s  is  completed, T i s  compared t o  Mq. I f  t h e  two 
J 

a r e  equal ,  t h i s  means, s i n c e  { p . ) U  % = Ck, t h a t  { p j ) u ~  = C and t h a t  any 
J 3 k  

Fur ther  process ing  f o r  thj-s M. w i ~ j . .  0i17_1 produce subgraphs of t h e  j u s t  a l t e r e d  
J 

complete subgraph Ck. A s  a  r e s u l t ,  conCrol  ill r e t o r n  t o  t h e  p o j n t  where 

another  i n p u t  s e t  i s  in t roduced  by  again  decretncntilig j .  I f  T # M t h i s  means 
j ' 



t h a t  there  a r e  elements  of P I .  not i n  t h e  r,ewly a1 t e r e d  con~p le t e  subgraph C 
3 k 

and t h e r e  may s t i 1 . l  be  o t h e r  C (q  = k -f- 1 , .  . . $1,) wh-icli c o n t a i n s  two o r  more 
q 

nodes of M t hus  i n t roduc ing  more new conipl.ete subgraphs.  I f  t h i s  i s  t h e  
j ' 

case ,  c o n t r o l  w i l l  r e t u r n  t o  increment k t o  proceed w i c h  comparing M wi th  
j 

t h e  remaining C . 
a 

~ l t e r n a t i v e '  (11). I f ,  a t  t h e  p o i n t  of c o n s t r u c t i n g  T = ckfl M j ,  T is 

found t o  be n o t  equal  t o  C bu t  T = M t h i s  means t h a t ,  a l though a l l  nodes k ' j ' 
of M a r e  conta ined  w i t h i n  t h e  complete subgraph C t h e r e  e x i s t s  a t  l e a s t  one 

j k ' - 

node i n  C t o  which p i s  no t  connected. However, a s  p rev ious ly  e s t a b l i s h e d ,  k j 
t h e  elements of T U  {p . I  form a complete subgraph and t h e r e f o r e  must b e  inc luded  

J 
i n  t h e  s e t  C. A s  a r e s u l t ,  i i s  incremented by one and C, is  s e t  equa l  t o  t h e  

.b 

sst T U  {P.  1 .  Since  M = T,  e f f e c t i v e l y ,  t h e  s e t  ip.  )U M .  h a s  been i n s e r t e d  a s  a j J J 
- a complete subgraph and any f u r t h e r  p roces s ing  of t h % s  M w i l l  on ly  produce 

j 
- subgraphs of t h i s  s e t .  Therefore ,  c o n t r o l  w i l l  r e t u r n  t o  t h e  p o i n t  which 

in t roduces  a new s e t  M . 
j 

A l t e r n a t i v e  (ILL)_. It Is p o s s i b l e  t o  have produced o r i g i n a l l y  a  T ~ i h l c h  

con ta ins  two o r  more nodes bu t  is n o t  i d e n t i c a l  w i th  e l t h e r  C o r  M . \Glen 
k j 

such a s i t u a t i o n  a r i s e s ,  a l l  C (q = 1, ..., k - 1, k -!- I,...$) must be  searched  
Q 

t o  s e e  i f  any which con ta in  p a l s o  c o n t a i n  a l l  e lements  o f '  T. I f  one is 
j a 

found, t h i s  means t h a t  t h e  p re sen t  s e t  of eleruenrs  ti ti^.) a l r e a d y  be longs  t o  
J 

a complete subgraph and no f u r t h e r  p roces s ing  i s  neces sa ry .  Cont ro l  t r i l l  b e - -  
/- 

r e tu rned  t o  check M .  a g a i n s t  t h e  n e x t  e n t r y  of C.  If n o  such C i s  found, a  
J 9 

-temporary l o c a t i o n  S i s  s e t  equal  t o  t h e  s e t  T V  {p . I .  I f  t h e  e lements  of some 
9 . Cq (q = L + 1,. . . ,i)(ll a r e  conta ined  w i t h i n  S, then  C i s  s e t  equal  t o  S. 

. Q 
Thi s  has  t h e  e f f e c t  of i nc reas ing  t h e  elements  of t h e  complete  subgraph C t o  

q 
inclu'cte a l l  e lements  contained i n  S. Any o t h e r  C (r = q -I- 1,. . . , i )  which is  r 
contained i n  S must b e  d e l e t e d  from . t h e  s e t  C t o  avold  a l lowing  a  comple te  

subgraph t h a t  i s  a subgraph of t h e  complete  subgraph S. I f  t h e r e  i s  no C 
'I 

which is  t o t a l l y  contained i n  S, t h e n  i i s  incremcnted by one and C i s  set 
i 

equal  t o  t h e  conlplete subgraph S. Regard less  of which c o u r s e  of a c t i o n  h a s  been 

taken i n  t h i s  process ing  s t e p ,  a1.1 elements  of M have n o t ' b e e n  p laced  i n t o  t h e  
j 

same complete subgraph and c o n t r o l  must be r e t u r n e d  t o  p roces s  M, f o r  t h e  next  
t.7 3 

e n t r y .  

(1) Only va lues  of C (k = L -I- 1,. . . , i )  in t roduced  d u r i n g  process ing  of t h e  k 
present  va lue  of &I. need be  searched ,  a s  they a r e  t h e  only  e n t r i e s  -t.rhich 

3 
could p o s s i b l y  c o n s i s t  of s u b s e t s  of t h e  coinp3ete subgraph S .  



3 . 6 . 2  An A l t e r n a t i v e  Xrnpl-cinentation of B i e r s t o n e ' s  A1.gori thm t o  

Conserve S torage  Space 

An a l t e r a t i o n  can be  made t o  B i e r s t o n e ' s  a l g o r i t h i ~ i  which can a l low one 

t o  .deal wi th  inpu t  d a t a  s e t s  q u i t e  l a r g e  i n  s i z e .  I f  t h e  i npu t  d a t a  i s  

.organized such t h a t  t h e  v a l u e s  of M ( j  L- I, ..., n) e n t e r  t h e  system i n  
j 

descending o rde r  (PI M,-19...,M ) ,  t hen  only  t h e  e lements  of M f o r  t h e  
n ' 1 

p r e s e n t  va lue  of j need b e  i n  t h e  computer a t  any one t ime.  This  l e a v e s  

t h e  s e t  C a s  t h e  only  d a t a  i tem r e q u i r i n g  c o r e  s t o r a g e  space .  I f  each Ck 

e n t r y  were r ep re sen ted  i n t e r n a l l y  a s  a  b i n a r y  v e c t o r ,  s i z a b l e  i n p u t  sets 

could be handled. For example, t h e  i n p u t  graph r e p r e s e n t e d  by t h e  t h r e s h o l d  

ma t r ix  produced f o r  T -- 0 . 3  of our  d a t a  s e t ,  i nc luded  one connected component 

of 1150 nodes. i t  would have been imposs ib le  t o  o p e r a t e  t h e  algor-kthrn, a s  

presented  by B ie r s tone ,  on t h i s  s c t ,  as each of t h e  EL50 e n t r i e s  f o r  M .  would 
J 

have r equ i r ed  thir ty-- two 3 6  b i t  words even t o  b e  r ep re sen ted  as a  b i n a r y  

vec to~r .  This  would have exceeded t h e  c o r e  s t o r a g e  s p a c e  of t h e  -1BM 7094 

k ~ i t h o u t  having a l l o c a t e d  any space  f o r  t h e  b u i l d i n g  up of complete subgraphs 

in C. However, i f  only one e n t r y  of M were needed i n  c o r e  a t  any one t ime ,  

eff e c t t v e l y  20,000 t o  25,000 s t o r a g e  l o c a t i o n s  (approximately t h a t  amount 

. sf c o r e  l e f t  a f t e r  t h e  system and needcd programs a r e  Loaded) could b e  a l l o c a t e d  

t o  e l a u c n t s  of C This  would al-To\k7 f o r  approximate ly  600 t o  GOO e lements  of k * 
C (each being a b ina ry  v e c t o r  3 2  words i n  l e n g t h )  t o  b e  used t o  c r e a t e  t h e  - .' k 
maximal complete subgraphs. Th i s  would appear  t o  be  s u f f i c i e n t  space  ;o hand le  

t h e  d a t a  s e t .  

Such an a l - t e r a t j o n  t o  t h e  a lgos l t t l n~  g r e a t l y  i n c r e a s e s  t h e  s h e  of t h e  

d a t a  i npu t  s e t  rsllich can be  processed.  Space 1-in1itat2.011 probleins ~ r o u l d  occur  

.only when t h e  nu~ .be r  of nodes fil t h e  i n p u t  connected component becomes s o  

l a r g e  t h a t  t h e  number of words r equ i r ed  t o  r e p r e s e n t  e a c h  ent1.y of C k 
(k = I,. . . ,TI) a s  a  b ina ry  v e c t o r  becomes s o  l a r g e  that t h e  rllaximuln a l l o w a b l e  

va lue  of n becollles s l i ~ a l l e r  than  t h e  number of complete  subgraphs Ln t h e  system 

at  any one tiine. It should be  noted t h a t  i n  our  p a r t i c u l a r  d a t a  s e t ,  t h i s  

L imi t a t ion  p o i n t  approaches qu ick ly  once t h e  t h r e s h o l d  used t o  d e f i n e  t h e  

inpu t  graph drops below T = 0.3. .For T = 0.2 ,  t h e  l a rges t :  connected cornponent 
,f 

~ o n t a j r i s  2 ,737  nodes; 70 thi .vty-six b i t  words w o t ~ l d  be  r equ i r ed  t o  r e p r e s e n t  

each ei t t ry  of C. This  ~ ~ r o u l d  hbnille approximafely 300 coinplete subgraphs of 

. t h e  graph.  S ince ,  by applying a  t h re sho ld  v a l u e  of T = 0.4  t o  t h e  same d a t a  



s e t ,  we  i n ~ r o d u c e d  329 a d d i t i o n a l  connected coinponent's i n t o  t h e  graph ,  many 

of \?hi-ch conta ined  sevcr.-al maxirnal complete subgraphs,  i t  would be  r e a l - i s t i c  

t o  t h i n k  t h a t  t h e  inpu t  s e t  f o r  T = 0.2 . i~ould c o n t a i n  more than t h e  allowab1.e 

300 maximal complete subgraphs.  
. . 

Regardless  of t h e  f a c t  t h a t  t h e  above a l t e r a t i o n  t o  B i e r s t o n e ' s  

a l g o s i t h  quick3.y approaches a l i m i t i n g  p o i n t ,  t h e  algori thrn does  d e s c r i b e  

how t o  f i n d  t h e  maximal complete subgraphs of l a r g e  d a t a  s e t s .  Unfo r tuna te ly ,  

due t o  t h e  s t r u c t u r e  of our  i n p u t  d a t a ,  t7e d i d  n o t  experiment w i t h  t h e  

suggested change i n  t h e  a lgo r i thm.  

P 

3 . 6 . 3  . Experimentat ion wi th  Bonner's Method f o r  Cl-uster  Product ion  

Bonner [ 7 ]  h a s  r e p o r t e d  on some e x t e n s i v e  r e s e a r c h  i n  term c l u s t e r i n g  

. whlch incl.uded t h e  i n t r o d u c t i o n  of a new a lgo r i thm f o r  producing t h e  

maximal complete subgraphs ( r e f e r r e d  t o  as ' t i g h t  c l u s t e r s '  by Bonner) of 

an  lnpu t  d a t a  s e t .  The Bonner a lgo r i thm a s  publ i shed  i n  [6] i s  i n c o r r e c t .  

GJe have co r rec t ed  t h e  algorj- t lm and programmed i t  i f i  FORTRAN IV and IIAP f o r  

the  6BM 7094, and a p p l i e d  i t  t o  our corpus.  

Input  t o  Bontler 's algorrithzn i s  i n  t h e  form of a  threshol-d m a t r i x  'r. We 

have app l i ed  t h e  Bonner a lgo r i thm t o  t h e  t h r e s h o l d  m a t r i x  produced by apply ing  

a va lue  of % = 0.4 t o  t h e  ' s i m j . ~ a r i . t ~  m a t r i x  of our  d a t a  base .  

* Bonner a s s e r t s  t h a t ,  due t o  s t o r a g e  l i m i t a t i o n s  imposed by t h e  machine 
, ..-'. 

. he  used (an ECM 7090 w i t h  a  memory s h e  of 32 K words),  t h e  maximr~~il a l l o w a b l e  

sample s i z e  t h e  a lgo r i thm can handle  i s  350 i n p u t  terms.  Bonner does n o t  

subdivide t h e  i n p u t  t h r e s h o l d  ma t r ix  i n t o  a series of d i s j o j n t  t h r e s h o l d  

ma t r i ce s ,  (Eonner 's examples show t h a t  t h e  elements  may be d i s j o i n t ) ,  t he reby  

pemi i t t i ng  each of t h e  d i s j o i n t  i t la t r ices  t o  be  t r e a t e d  as s e p a r a t e  i n p u t  d a t a  

s e t s .  Assuming t h e r e  a r e  d i s j o i n t  s e t s ,  t h i s  could e n a b l e  a n  a p p r e c i a b l e  

i n c r e a s e  i n  t h e  maximum a l lowab le  sample s i z k .  A s  a n  example, f o r  t h e  thresho1.d 

. va lue  T = 0.4 our  d a t a  s e t  which c o n s i s t s  of 2,084 unique  index te rms ,  sub- 

divided i n t o  475 d i s j o i n t  t h re sho ld  matric.cs (each cor responding  t o  a connected 

eon~ponent of t h e  r e p r e s e n t a t i v e  grapl-1). Each of t h e  sets was then  used a s  

input  t o  Bonner's a.lgorithm wi-th no problems a r i s i n g  concerning s t o r a g e  space .  

The Ronl-ier a lgor i thn l  b u i l d s  c?ustdrs one a t  a time whi l e  keeping s e v e r a l  

push-do\m l i s t s .  Index terms of t h e  document collection a r e  ass igned  unique 

numbers which a r c  u s e d  a s  r e p r e s e n t a t i v e  forms xari t h i n  t he  l i s ts  f o r  a l l  I 



ope ra t ions ,  The l i s t s  clevel.opcd d u r i n i  t h e  operation of t h e  a lgo r i thm a r e  

1. The l i s t  A, - c o n t a i n s  i tems  t h a t  a r e  i n  a  c l u s t e r  
J. --- . at  s t e p  i. 

2. The l i s t  C, - c o n t a i n s  elements  which could  be added t o  
.L 

c l u s t e r  A a t  s t e p  i. 
i 

3.  The l i s t  L, - c o n t a i n s  t h e  number of t h e  l a s t  i t em of C, 
I A. 

t o  b e  cons idered  f o r  a d d i t i o n  t o  t h e  c l u s t e r  A 
i ' 

O r i g i n a l l y , ' t h e  cand ida t e  l is t  C c o n t a i n s  a l l  i t ems  of  t h e  i n p u t  d a t a  s e t ,  1 
A i s  empty, and t h e  i tem L t o  be  considered f o r  a d d i t i o n  t o  c l u s t e r  A i s  ' 1 1 1 
set t o  1. 

The a lgor i thm ope ra t e s  as fol-lows, C .  i s  searched  t o  s e e  i f  i t  c o n t a i n s  
1 

. t h e  element r ep re sen ted  by L . I f  t h e  element i s  p r e s e n t ,  L i s  l o g i c a l l y  
i i 

'or1-ed wi th  t h e  elements  of A .  and placed i n  A 
i-i-1 

C .  i s  then  l o g i c a l l y  
1: 1. 

'and'-ecl wi th  t h e  row of t h e  th re sho ld  ma t r ix  cor responding  t o  t h e  v a l u e  of 

L. and t h e  r e s u l t  i.s placed i n  C L .  i s  d e l e t e d  from C and t h e n  
1 i+1* z i4-1 

incremented by 1 and placed i n  Li4-1. Nos, i is increrneilted by 1, and t h e  

process  i s  repea ted  f o r  t h e  new v a l u e  of i. What, i n  e f f e c t ,  has  happened, 

is t h a t  t h e  term rep resen ted  by L has  been added t o  t h e  c l u s t e r  A .  and t h e  
i 1 

elements  of C .  have been changed t o  r e f l e c t  a l l  t h o s e  e lements  i n  t h e  d a t a  
I 

1 

set t h a t  a r e  connected t o ,  b u t  no t  contained w i t h i n ,  the c l u s t e r  A . T h i s  , ,,'... 
i .-- 

process  cont inues  u n t i l  t h e r e  a r e  no elements  l e f t  i n  C f o r  c o n s i d e r a t i o n  
1. 

f o r  a d d i t i o n  t o  t h e  c l u s t e r  A whj-ch have a numerical  v a l u e  l a r g e r  t h a n  t h e  
i 

'.last element added t o  t h e  c l u s t e r .  I f  a t  ally p o i n t  5n t h e  above i t e r a t i o n ,  

C i s  Found no t  t o  con ta in  t h e  element corresponding t o  t h e  v a l u e  of L 
i. is Li 

is  Ificremented by 1 and t h e  p roces s  i s  repea ted  f o r  t h e  new v a l u e  of L . When 
i 

no el-ement of C .  3s l a r g e r  t han  L :a c l u s t e r  h a s  been found. Due t o  t h e  
1 i9 

i t e r a t i v e  n a t u r e  of t h e  a lgo r i thm,  i f  t h e  c a n d i d a t e  llst C tias n o t  been 
i 

' -exhausted,  t h e  c l .us te r  found has  e i t h e r  been found b e f o r e  o r  i t  is a subs'et of 

a c l u s t e r  found b e f o r e  and it is  ignored.  I f  C .  i s  empty, t h e  c l u s t e r  
1 

' (maximal conlplete subgraph) i s  unique and i t  i s  saved. Regard less  of t h e  

con ten t s  of C A .  is  saved i n  a  tempo-L-ary l o c a t i o n  T, A backwards s e a r c h  of 
i9 1 

t h e  previous ly  s t o r e d  elemenes (A C'., L . )  i s  i n i t i a t e d  by decrementing I 
i' 1 

u n t i l  a  C .  i s  foul~cl which h a s  c1eu~1ent.s g r e a t e r  t han  the  v a l u e  of the  
I 

correspondins I, which do not form a subse t  of T .  Ey making t h i s  check zt thlls 
i 



p o i n t ,  soulc process ing  time i s  snvcd a s  SOLE co~rlplete  subgraphs of t h e  

rnaxjntal complete subgraph j u s t  found a r c  r e j e c t e d  wi thout  having t o  

r egene ra t e  t h e  e n t i r e  c l u s t e r  and then  r e j e c t  i t  because C js not  n u l l .  
i 

When a C meeting t h e  above c r i t e r i a  is found, t h e  forward p roces s ing  of 

t h e  d a t a  s e t  beg ins  a g a i n  us ing  t h e  p rev ious ly  s t o r e d  v a l u e s  of A ,  C ,  and 

L f o r  ;he p re sen t  v a l u e  of i. O r i g i n a l l y ,  i i s  s e t  t o  1 and t h e  a lgo r i thm 

w i l l  t e rmina te  when i becomes 0. 

I f , . a f t e r  f i n d i n g  a  p o i n t  t o  begin  forward p roces s ing  fo l lowing  t h e  

product ion  of a c l u s t e r ,  t h e  v a l u e  of L .  i s  n o t  incremented b e s o r e  p roces s ing  
1 

i s  r e i n i t i a t e d ,  t h e  Bonner a lgo r i thm w i l l  i n f i n i t e l y  l oop  producing over  and 

over  t h e  same c l u s t e r .  Incrementing L c o r r e c t s  t h e  a lgo r i thm.  The c o r r e c t e d  
i 

v e r s i o n  of Bonner's a lgo r i thm appears  i n  Appendix 2. 

4. Analys is  and Comparison of B i e r s t o n e ' s  and Eonner 's Al-gor-ithms 

Bonner c la ims  t h a t  h i s  a lgo r i thm o f f e r s  a n  improvement o v e r - p r e v i o u s  

methods 122,271 s j n c e  he  does no t  ou tput  t h e  same c l u s t e r  r e p e a t e d l y  o r  

c o n t i n u a l l y  p r i n t  o u t  s u b s e t s  of c l u s t e r s  a l r e a d y  found. Indeed,  t h i s  o f f e r s  

an improvement i n  t h e  type  of ou tpu t  produced; b u t  i t s ' s a v i n g  i n  p roces s ing  

t ime does n o t  appear  t o  be  t h a t  g r e a t .  I n  t h i s  s tudy ,  t h e  l a r g e r  c l u s t e r s  

of t h e  d a t a  s e t s  were produced by B i e r s t o n e ' s  a l g o r i t h m  i n  s i g n i f i c a n t l y  l e s s  

t i m e  than  i t  took f o r  Bonner's a lgor i thm.  An a n a l y s i s  of Bonner 's  a lgo r i thm 
- 

shows t h a t ,  a l though each c l u s t e r  i s  ou tpu t  on ly  once t7ith none of i t s  s u b s e t s  

ou tpu t ,  many such s u b s e t s  and d u p l i c a t e  c l u s t e r s  a r e  found by t h e  a lgo r i thm 

.and rej 

of t h e  

ec t ed  only  

c l u s t e r  (S 

when C .  was found t o  b e  no t  empty a f t e r  complete p roduc t ion  
1 

t e p  6 of t h e  a lgo r i thm) .  

S ince  c l u s t e r s  a r e  b u i l t  up one i tem a t  a  t ime,  beginning  w i t h  t h e  f i r s t  

index term, t h e  product ion  of c l u s t e r s  i s  dependent upon t h e  numerical  v a l u e s  

o r i g i n a l l y  ass igned  t o  t h e  i n p u t  terms. The 'time involved i n  f i n d i n g  a l l  

c l u s t e r s  v a r i e s  accord ing  t o  t h e  l o c a t i o n  of t h e  c l u s t e r s  t r f t h  r e s p e c t  t o  t h e  

numbering scheme. Th i s  f a c t  was most ev iden t  i n  t h e  r e s u l t s  produced by t h i s  

a lgor i thm f o r  our  d a t a  base.  A t iming al-gorithm was u t i l i z e d  t o  de t enn ine  

how long  i t  took Bonner 's a lgo r i thm t o  p'roduce t h e  r e s u l t a n t  s e t  of c l u s t e r s  
,.: 

from each inpu t  s e t .  These r e s u l t s  were compared wi th  t h e  t ime needed by 

B i e r s t o n c g s  a lgor i thm t o  produce t h e  exact  same c l u s t e r s ,  F igu re  2 sho1.7~ t h e  

cn~npara t ivc  r e s u l t s .  



Corupal-a t i v c  
Time 

- 
B < A  - 
B = A  

C 

- .  
Legend : 

A = Time r equ i r ed  f o r  Biersone ' s  a lgo r i thm t o  f i n d  t h e  maximal , 

/'. 

complete subgraph c l u s t e r s  i n  an i n p u t  s e t .  

E = Time r equ i r ed  f o r  Bonner's a lgo r i thm t o  f i n d  t h e  sane n~aximal  
complete subgraph c l u s t e r s  i n  t h e  same d a t a  set ,  

(1) Of t he se :  (2) O f  t h e s e :  

8 conta ined  one c l u s t e r  15 conta ined  one c l u s t e r  
1 conta ined  t t ~ o  c lus te i - s  1 4  conta ined  two c l u s t e r s  
2 conta ined  t h r e e  c l u s t e r s  5 con ta ined  t h r e e  c l u s t e r s  

F igu re  2. COPPhlL4TIVE RESULTS OF TIME REQUIREMENTS FOR THE 
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I n  s e v e r a l  i n s t a n c e s ,  Bonner ' s  a lgor i thm worked a s  f a s t  o r  f a s t e r  than  

B ie r s  t one ' s .  IIowcver, such f i g u r e s  a r e  niisl-cading a s  most a l l  of t h e s e  

input  s e t s  contained only  from one t o  t h r e e  s~!iall. c l u s t e r s .  The most 

i n d i c a t i v e  comparative r e s u l t s  a r e  r e f l e c t e d  by those  i n p u t  s e t s  which 

contained s e v e r a l  c l u s t e r s  of vary ing  s i z e .  I n  a l l  b u t  one c a s e ,  B i e r s t o n e ' s  

a lgor i thm was a t  l e a s t  twice a s  f a s t  a s  Bonner 's.  

I n  t h e  two l a r g e s t  i n p u t  s e t s ,  B i e r s t o n e ' s  a lgo r i thm proved t o  be  much 

f a s t e r .  One l a r g e  and h i g h l y  connected i n p u t  set c o n s i s t i n g  of 72 te rms  

was found t o  have t h r e e  maximal complete subgraphs of 64 terms each  and f i v e  

sma l l e r  maximal complete subgraphs of s i x  terms each. B i e r s t o n e ' s  a l g o r i t h m  

took 0.133 seconds  t o  develop t h e  c l u s t e r s .  Bonner 's a l g o r i t h m  needed 2.133 

seconds t o  produce t h e  same r e i u l t s .  A somewhat smailex i n p u t  s e t  (67 terms)  

. was found t o  have f i v e  maximal cornplete subgraphs of 47 t enns  each  and s i x  

a d d i t i o n a l  maximal complete subgraphs of 3 o r  4 ierms cach  i n  0.733 seconds 

by B ie r s tone ' s  a lgo r i thm (th-is was t h e  most p roces s ing  t ime r e q u i r e d  of  a l l  

t h e  i n p u t  s e t s ) .  Eonner 's a lgor i thm,  i n  p roces s ing  t h e  same d a t a  s e t ,  worked 

f o r  n e a r l y  two minutes  wi thout  prociucine f-inal r e s u l t s .  The a c t i v i t i e s  of 

Bonner's a lgo r i thm were c a r e f u l l y  analyzed by'means o f ' d e t a i l e d  debug p r i n t -  

o u t s  which r e l a t e d  t h e  c o n t e n t s  of t h e l i s t s h ,  C, L, and T a t  v a r i o u s  s t a g e s  

w i t h i n  t h e  a lgor i thm.  It was d iscovered  t h a t  t h e  f i v e  l a r g e  c l u s t e r s  were 

found and then  t h e  a lgo r i thm proceecled t o  spend t h e  r e s t  of i t s  t ime /' 

r e j e c t i n g  s u b s e t s  of t h e s e  c l u s t e r s  i n  a n  a t t empt  t o  work i t s e l f  back through 

t h e  d a t a  s e t  t o  f i n d  t h e  o t h e r  c l u s t e r s .  

. The f a i l u r e .  of t h e  Bonner a lgor i thm t o  produce r e s u l t s  f o r  t h e  above . . 
. d a t a  s e t ,  57111'le having r e l - a t i v e l y  l i t t l . e . t r o u b l e  i n .  f i n d i n g  t h e  n~aximal  compl-ete 

subgraphs of a l a r g e r  and more compl-ex i n p u t  s e t ,  demonst ra tes  t h e  f a c t  

t h a t  processi-ng t ime f o r  t h e  a lgo r i thm i s  h i g h l y  dependent upon t h e  o r i g i n a l  

numerical  v a l u e s  ass igned  t o  t h e  d a t a  terms.  ' In  t h e  f i r s t  of t h e  two exarnples 

above, t h e  o r i g i n a l  numbering scheme was such t h a t  t h e  v a s t  m a j o r i t y  of t h e  

complete subgraphs of t h e  l a r g e  c l u s t e r s  a l r e a d y  found were r e j e c t e d  wi thou t  

having t o  completely reproduce t h e  new c l u s t e r  ( s t e p  8 of t h e  a l g o r i t h m ) .  " 

Wo~?cver, i n  t h e  second example, due t o  i h e  l o c a t i o n  of t h e  nodes which caused 
.7 

t h e  d i s t i n c t i o n  between t h e  f i v e  la rge '  c l u s t e r s ,  a  l a r g e r  pe rcen tage  of t h e  

complete subgraphs of t h e  l a r g e r  n~aximal. complete subgraphs had t o  be coinpl e l -e ly  

produced by the. algorit t t in arlcl f i n a l l y  r e j e c t e d  only when i.t was di.scovet-ec? th?.t ,  

up011 producing t h e  c l u s t e r ,  t h e  candi.date l i s t  C .  was n o t  empty (Ste.p 6 of 
1 

t h e  a lgor i thm)  .. 



For R inar,j~n,J colnplet c? subgraph c o ~ t t a i n i n g  n  nocles, t h e  nuirtbcc of 

~ o m p l c t e  subgraphs c o ~ t t a i ~ ~ c d  wit l i jn  i t  becornes exces s ive   hen 11 i s  l a r g e .  

For any maxin~al compl e t e  suhgraph con ta in ing  n  nodes, wc can produce 
(nyl. ) 

comyltCe subgraplls con ta in ing  n-9. nodes;  wc a l s o  can f ind l  \comple te  sub- 
in-2 

. graphs  with n-2 nodes. By con t inu ing  th i s  procedure,  one can s e e  t h a t  t h e  

t o t a l  number of complete subgraphs c o ~ l t a i n e d  i n  any maximal complete subgraph 

0% D tenlis i s  ( y). from t h e  binomial  theoren;, w e  know t h a t  2" = 

j =3 j=s 
Therefore,  t h e  t o t a l  number of complete subgraphs of a maximal complete  sub- 

n n  (n-1) 
graph of degree  n  i s  equal  t o  2 - 2 - n - ------ 

2 . In t h e  c a s e  where n = 37, 
11 

8s was F Q U ~ ~  i n  t h e  above d a t a  s e t ,  we t h e r e f o r e  have 1.37 x 10  complete  

subgraphs t h a t  may b e  t e s t e d  by ~ o n n e r ' s  a lgor i thm.  The re fo re ,  any s i g n i f i c a n t  

, 
Beerease Jn t h e  number of subgraphs e l imina ted  a t  S t ep  8 of t h e  a l g o r i t h m  

could cause t h e  process ing  time of a n  involved inpu t  set t o  g e t  o u t  of hand. 

T h i s  canno; happen wi th  t h e  Biei-stone a lgo r i thm.  

5 , .  Ref - ine~nent  - -- of C l u s t e r s  v:ia Got1 i e b  & a r n a r A l g o r i t h m  

C l u s t e r s  f ~ ~ n e d  by maximal complete subgraphs may ove r l ap  f o r  h i g h l y  

connected Input  sets, For example, one of t h e  l a r g e r  d a t a  s e t s  processed  

by 8:Lerstone1s a lgo r i thm was found t o  have t h r e e  maximal complete subgraphs 

gf 64 tellils, eaeh of ~ ~ l l i c h  had 63 terms i n  conlmon wi th  t h e  o t h e r  two maximal *=' 

g ~ m p l e t e  aubgraphs. An adcl i t iona l  f i v e  sma l l e r  rnaxjmal complete  subgraphs 

@f t h e  game i n p u t  s e t  Were found t o  c o n t a i n  6 terms each ,  5 of which were 

' conunon to ' i l l l .  f ive piaxilual complete subgraphs.  A s  was p r e v i o u s l y  d i s c u s s e d ,  

t h e  maxjmal complete subgraphs form our  s t r i c t e s t  definition of a c l u s t e r .  

%$ $6 evident  from t h e  above example t h a t  such a  d e f i n i t i o n  may no t  b e  
t 

d e s i u a b l e  i n  a system whose aim i s  i o  produce a conc j se  s e t  of c l u s t e r s  of 

IlPghly r e l a t e d  terms, I n  t h e  above example, t h r e e  d i s t i n c t  c l u s t e r s  of 64 

terms a r e  formed due t o  t h e  f a c t  t h a t  t h r e e  nodes, a l l  of which a r e  conn&ted 

k~ 63 common nodes,  have no in t e rconnec t ions .  It would seem t h a t  t h e  number 

yf conlnlon connections t h e s e  nodes posses s  should o v e r r i d e  t h e  f a c t  t h a t  t h e  

poclcs a r c  no t  d i r e c t l y  r e l a t e d .  
a .. 

Got l l cb  and Kuii~ar [PG], have dcv&lopcd a procedure  f o r  combining such  

~Pt ls ters  int-o diffuse c l a s s c s  of index tel-ms, They Porx a cluster - c l u s t e r  



~frnf3.al: j . t~ ma t r ix  D . c ~ i L h  e n t r i e s  d clefli~~ecl a s  
i j 

where I tin C j  I i s  equal  t o  t h e  nuniber of terms t h e  two maximal complete  

s e t s  have i n  common, and I C .  U C j  ] is  equal  t o  t h e  t o t a l  number of un ique  
I 

terms contained i n  c l u s t e r  C .  and- i n  c l u s t e r  C The v a l u e s  d .  . r e p r e s e n t  
1 3 ' 1J 

t h e  p ropor t ion  .of terms conta ined  j o i n t l y  i n  t h e  two c l u s t e r s .  A s  w i t h  t h e  

terni-term s h i l a r i t y ,  we s e t  a t h r e s h o l d  l e v e l  6 f o r  t h e  c l u s t e r - - c l u s t e r  

similarity ma t r ix ,  t h e  r e s u l t i n g  b ina ry  ma t r ix  a g a i n  r e p r e s e n t s  a graph .  

The e n t r i e s  d a r e  e s s e n t i a l l y  t h e  s e t  t h e o r e t i c  r e p r e s e n t a t i o n  of t h e  
ij 

Tanimoto measure. (It i s  a c t u a l l y  one minus t h e  Tanimoto measure. The 

e n t r i e s  a r e  used t o  be c o n s i s t e n t  w i t h  GotLieb and Kumar's p a p e r , )  C l u s t e r s  

of t h e  c l u s t e r s  Tilay now be  found by cons ide r ing  t h e  m a t r i x  D a s  ou r  i n p u t  

graph. Any of t h e  c r i t e r i a  f o r  de te rmining  c l u s t e r s  of  an i n p u t  graph  can be 

s e l e c t e d  f o r  producing c l u s t e r s  of t h e  i n p u t  maximal complete subgraphs.  

Go t l l eb  and ICuniar s t a t e  t h a t  c l u s t e r s  should be  t h e  maximal complete s e t s ,  
(1)  t h a t  i s ,  t h e  same d e f i n i t i o n  a s  he u s e s  t o  form t h e  c l u s t e r s  between terms . 

For our  a p p l i c a t i o n ,  we r e q u i r e  t h a t  t h e  elements  of t h e  second g e n e r a t i o n  
,' 

c l u s t e r s  form a  connected component. The c l u s t e r i n g  o f  c l u s t e r s  i s  r e p e a t e d ,  

w i th  t h e  v a l u e s  of  d . .  computed from t h e  r e s u l t a n t  c l u s t e r s  of t h e  p rev ious  
1J 

i t e r a t i o n ,  u n t i l  a p o i n t  i s  reached where no combinat ions of t h e  e lements  can  

he  made. 

R e s u l t s  were ob ta ined  f o r  t h e  th re sho ld  l e v e l s  6 = 0.5 and 6 - 0.7, 
- Rather t han .  f  i.nd t h e  d i f f u s e  concepts  by means of a  s e p a r a t e  p a s s  on the 

r e s u l t a n t  maxirual complete subgraphs output  by B i e r s t o n e ' s  a lgo r i thm,  G o t l i e b ' s  

combining schelne was incorpora ted  a s  p a r t  of E i e r s t o n e ' s  a lgor i thm.  T h i s  

a d d i t i o n a l  p roces s ing  roughly doubled t h e  r e q u i r e d  execu t ion  t ime f o r  producing 

c l u s t e r s .  The d i f f u s e  concepts  produced from t h e  k n o m  maxj-ma1 complete  

-- -- 

(I) A1 though Gnt.lri.eb and Kun~ar s t a r e ,  t h a t  .they u s e  t h e  naaximal compl-ete sub- 
- graphs of t he  newly formecl gm-aph t o  develop d i f f u s e  concepts ,  the 

ex~)e~-frnent-al r e s u l t s  provjded i n  t h e i r  paper sugges t  t h a t  t h e  connected 
components were used t o  f i n d  t h e  d i f f u s e  concepts .  



subgraphs Bp l~ r~a r ,  on a  s u b j e c t i v e  b a s i s ,  t o  be q u i t e  good. For exantpl-e, 

both of the  va lues  cori~bined t h e  above sainple d a t a  s e t  i n t o  two d i f f u s e  

concepts ,  on ( .  c o n s i s t i n g  of 66 nodes ( con ta in ing  t h e  63 common nodes p l u s  

t h e  t h r e e  n o ( 1 ~ ~  whjch were not  in te r -connected)  and t h e  o t h e r  c o n s i s t i n g  

. Of s i x  nodes (conta in ing  t h e  f i v e  common nodes p l u s  t h e  f i v e  nodes which 

were conncct(,d t o  t h e s e  nodes i n  t h e  o r i g i n a l  maximal complete  s u b g r a p h ) .  

6, F x p e r i m e ~ ~ t a l  Resu l t s  

The ~ 1 u : : t e r i n g  procedure us ing  t h e  B i e r s t o n e  a lgo r i thm was a p p l i e d  t o  

s e v e r a l  d i f f ~ ~ r c n t  t h re sho ld  m a t r i c e s  of t h e  o r i g i n a l  term-term m a t r i x .  

Threshold m a t r i c e s  f o r  va lues  of T = 0.4, T = 0.5,  T = 0.6 and T = 0.7 were 

genera ted ,  1:ach of t h e s e  th re sho ld  m a t r i c e s  was then  d iv ided  i n t o  a  s e t  of 

d i s j o i n t  threshold m a t r i c e s  ( r ep re sen t ing  t h e  connected components of t h e  

eorrespondinp, graph)  and used a s  i n p u t  t o  t h e  B i e r s t o n e  a lgo r i thm.  Threshold 

m a t r i c e s  verct col ls t ructed f o r  v a l u e s  of T = 0.1, T = 0.2, and T - =  0.3 b u t ,  

each ul:\trix contained one connected component of  a t  l e a s t  1150 t e r n s ,  

t h e  bier st on^^ a lgo r i thm was n o t  app l i ed .  It was found t h a t  t h e  number of 

podes c o n t a i t ~ e d  i n  t h e  l a r g e s t  connected component of t h e  graph desc r ibed  by - 

t h e  thresh01 t l  uiatr i x  v a r i e s  t h e  grea tes t -  between t h e  t h r e s h o l d  mats  i c e s  of 

'i' O t 3  (1150 nbdes) and T - 0.4 (72 nodes) .  The f a c t  t h a t  t h e  s i z e  of t h e  . -. 
h r g e s t  eonntscted component i n  t h e  th re sho ld  m a t r i c e s  f o r  T = 0.4,  T = 0.5 ' 

/' 

(69 nodes) ,  'Y = 0.6 (67 nodes) ,  and T = 0.7 (66 nodes) remains f a i r l y  

constant., t.rh I le t h e  same v a l u e s  f o r  T = 0 . 1  (3,783 nodes ) ,  T = 0.3. (2,797 

r l ~ d e s ) ,  grid '1' = 0.3 v a r i e s  s o  g r e a t l y ,  t ends  t o  i n d i c a t e  t h a t  some 

s t s a b i l i z a t i o i ~  of t h e  th re sho ld  ma t r ix  occurs  around a t h r e s h o l d  v a l u e  of 

3' P 0.4. 

For T = 0.4, ttro a d d i t j o n a l  c l u s t e r i n g  .procedures were a p p l i e d .  I11 t h e s e  

_ O W  eases ,  m.'lsimal complete subgraphs of a connected component were combined 

y l a  t h e  c J u s t e r i n g  technique  descr ibed  by .Got l ieb_  and Kumar. These grouped 

maxf~nal. ~onlp ' lc te  subgraphs were considered a s  t h e  r e s u l t a n t  c l u s t e r s . -  

Threshold va lues  of 6 = 0.5  and 6 = 0 . 7 ' v e r e  used.  

<? 

G p 3  S t t ' t ~ c t u r a l  C o ~ ~ l p o s i t i o i ~  of C l u s t e r s  

1 ' ~ r  v a Q u P s  of T = 0.4  arid T .- 0.5 ,  t h e  average  s i z e  of t h e  c lu s t e l - s  

def ined by t l ~ c  connected coaponents :.73s 6 . 5  tei+ms. C l u s t e r s  de f ined  by t h e  



maximal complete subgraphs of t he  connccted coinpoi~ents had an avcrage of 

5 . 1  trrills per  c l u s t e r s .  Ilowever, t h e  maxintal complete  subgraphs of t h e  

connected components in t roduced  approsinlately 60% more c l u s t e r s .  Th i s  was 

t o  be expected as many of t h e  connectecl components conta ined  s e v e r a l  maximal 

complete subgraphs c o n s i s t i n g  of some of t h e  terms of t h e  connected component. 

For va lues  of T = 0.6 and T = 0.7,  very  l i t t l e  change i n  t h e  average  

s i z e  of  c l u s t e r s  was d e t e c t e d  between c l u s t e r s  de f ined  by connected components 

and c l u s t e r s  def ined  by maximal complete subgraphs of connected components. 

The t o t a l  number of  c l u s t e r s  de f ined  by maximal complete  subgraphs was one 

l e s s  than  those  de f ined  by connected components f o r  bo th  T = 0.6 and T = 0.7. 

The reason  f o r  each of t h e  preceding r e s u l t s  can  be  determined by cons ide r ing  

- t h e  compositrion of  t h e  two th re sho ld  m a t r i c e s  f o r  t h e s e  va lues  of T. I n  each 

case ,  an extremely high percentage  of t h e  cdnnected conlponents were a l s o  

maximal complete subgraphs (97.3% f o r  T = 0.6 and 99.2% f o r  T = 0.7), and 

t h e  g r e a t e r  m a j o r i t y  of t h e  ternls of t h e  i n p u t  d a t a  set were conta ined  i n  

those  vlaximil con~p le t e  subgraphs (91-. 6% f o r  T = 0.6 and 93,3% f o r  T = 0.7) . 
Thus, very few a d d i t i o n a l  c l u s t e r s  were produced by sea rch ing  f o r  maximal 

complete subgraphs i n  t h e  s m a l l  number of connected components which were 

not  themselves maxirllal complete subgraphs.  Those found had ve ry  l i t t l e  e f f e c t ,  

on t h e  average s i z e  c l u s t e r  produced. The t o t a l  number of c l u s t e r s  w a s  reduced 

because f e w e q c l u s t e r s  were added by t h e  d i scove ry  of  connected components.  *.. 

which contained maximal complete subgraphs than  were d e l e t e d  by t h e  p re sence  

of connected components whcch conta ined  no maximal complete subgraphs. 

As was t o  be  expected,  when t h e  Go t l i eb  and Kuinar a lgo r i thm was used t o  

combine maxlmal complete suhgraphs Found i n  t h e  t h r e s h o l d  matrLx f o r  T = 0.4,  
. . 

, t h e  t o t a l  number of r e s u l t a n t  c l u s t e r s  was reduced.  However, i n t e r e s t i n g l y  

. . enough, t h e  average s i z e  of t h e ' c l u i t e r s  produced decreased  on1.y s l i g h t l y .  

This  appa ren t ly  was due t o  t h e  f a c t  t h a t  a  good number of maxj-ma1 complete 

subgraphs of two elements ,  p rev ious ly  n o t  cons idered  a s  c l u s t e r s ,  combine'd t o  

form c l u s t e r s  of t h r e e  and fou r  terms.  Th i s  same r eason  could b e  g iven  t o  

exp la in  why t h e  nuiilber of c l u s t e r s  produced f o r  6 = 0.7 was 4% g r e a t e r  t han  

t h e  number produced f o r  6 = 0.5. Conceptual ly,  i t  would seem t h a t  c l u s t e r s  

p r o d u d ~ d  f o r  a  l a r g e r  6 v a l u e ,  which induces  more combining of c l u s t e r s ,  would 

produce fc.i,rcj- and l a r g e r  c l u s t e r s .  The c l u s t e r s  produced f o r  6 = 0 .7  were 

s l i g h t l y  l a r g e r  on the  average than  those  produced f o r  6 = 0 . 5 ,  



One f u r t h e r  p o i n t  of i n t e r e s t  i s  tlint L l ~ e  ave rage  s i z e  of t h e  c l u s t e r s  

klefjned by ~iiaxinlal c o n ~ p l e l c  subgl-aplts  cis appros i iua te ly  constar l t  f o r  a l l  

v a l u e s  of T .  ( s ee  F i g s .  3 & 4 ) A t  t h e  same t ime,  t h c  nuirtber of c l u s t e r s  

produced f o r  t h e  lower v a l u e s  of T was s i g n i f i c a n t l y  g r e a t e r  t han  t h e  

number produced f o r  t h e  l a r g e r  va lues  o f  T.  For example, f o r  T = 0.4 ,  402 

c l u s t e r s  were found, n e a r l y  t h r e e  times t h e  148 found f o r  T = 0.7.  Apparen t ly ,  

t h e  t h r e sho ld  v a l u e  a p p l i e d  does no t  a f f e c t  t h e  ave rage  s i z e  of t h e  c l u s t e r s  

produced, bu t  more d i r e c t l y  a f f e c t s  t h e  number of  c l u s t e r s  produced. 

Admit tedly,  a l l  t h e  c l u s t e r s  produced were r e s u l t s  of  t h e  same d a t a  b a s e ,  b u t  

- i t  seems t h a t  t h i s  i s  a f a i r  conc lus ion  t o  make from t h e  work conducted i n  

t h i s  s tudy .  It would be  of i n t e r e s t  t o  apply  t h e  t echn iques  of t h i s  s t u d y  

. . t o  o t h e r  d a t a  sets t o  de te rmine  i f  s i m i l a r  r e s u l t s  would b e  ob t a ined .  

6.2 Summary of Major Conclusions . . 

The foll.owing l i s t  summarizes t h e  major conc lus ions  of t h e  s t u d y .  

1. The B i e r s t o n e  a lgo r i t hm,  which deve lops  maximal complete  subgraphs 

f o r  an i n p u t  g raph ,  appea r s  t o  be .  t h e  most e f f i c i e n t  one  p r e s e n t l y  a v a i l a b l e .  

It avo ids  t h e  problems of r e p e a t e d l y  o u t p u t t i n g  the same maximal compl-ete 

subgraph and of o u t p u t t i n g  complete subgraphs which a r e  n o t  maxinlal. A t  t h e  

same tim, i t  o p e r a t e s  s i g n i f i c a n t l y  f a s t e r  t h a n  r e c e n t  a l g o r i t h m s  proposed 

by Bonner [7]  and Sparck-Jones 1391.  

2. Threshold m a t r i c e s  produced f o r  v a l u e s  of T z 0.6 y i e l d  b a s i c a l l y  

t h e  same c l u s t e r s  r e g a r d l e s s  of which of t h e  t h r e e  c l u s t e r  d e f i n i t i o n s  i s  used .  

Th i s  i s  s u b s t a n t i a t e d  by t h e  clata i n  Appendix 3 which shovs  t h e  l a r g e  

percentage  of  connected components w h i c h ' a r e  a l s o  maxka1  complete  subgraphs  

f o r  l a r g e  v a l u e s  of  T. T h i s  o b s e r v a t i o n ,  i f  found t o  b e  v a l i d  f o r  o t h e r  d a t a  

bases ,  could save  considerabl-e  computer time by p e r m i t t i n g  t h e  u s e  of o n l y  t h e  

. a l g o r i t h m  t o  f i n d  t h e  connected components of t h e  graph .  

3. The average  s i z e  of t h e  c l u s t e r s  de f ined  by t h e  maximal complete  sub- 

graphs  does no t  appear  t o  b e  dependent upon t h e  t h r e s h o l d  v a l u e  a p p l i e d .  

However, t h e  to ta l -  nuirlher of e l u s t e r s  produced i n c r e a s e s  s ign i f ican t1 .y  a s  t h e  

t h r e sho ld  v a l u e  d e c r e a s e s .  
c I  

4 .  C l u s t r r c  de f ined  by connec t c j  components of the t h r e s h o l d  n i a t r j x  f o r  

sma l l  va lues  of F 5 0.5 may b c  l a r g e  i n  s i z e  and c o n t a i n  h i g h l y  r e l a t e d  sub- 

' graphs  which have l i t t l e ,  i f  any,  i n t e r r e l a t e d n e s s .  Such subgraphs way bmo-le 



p a r t  of t he  same connected component c l u s t e r  through t h e  e x i s t e n c e  of 

gene ra l  t clnis which a rc  s t r o n g l y  r e l a l e d  t o  t h e  c o n t e n t  terms of s e v e r a l  

un re l a t ed  s u b s e t s  of t h e  connected coruponent. 

5. C l u s t e r s  de f ined  by nlaximal complete subgraphs of t h e  connected 

components of t h e  th re sho ld  ma t r ix  f o r  va lues  of T < 0.5, t end  t o  subd iv ide  

t h e  connected component i n t o  h i g h l y  r e l a t e d  and ove r l app ing  c l u s t e r s .  Such 

overlapping c l u s t e r s  w i l l  g e n e r a l l y  r e f l e c t  s p e c i f i c  a s p e c t s  of t h e  same 

gene ra l  a r e a  of i n t e r e s t .  

6 .  C l u s t e r s  de f ined  by grouped maximal complete subgraphs tend t o  

. combine h igh ly  over lapping  c l u s t e r s  i n t o  one g e n e r a l  c l u s t e r .  Such c l u s t e r s  

q s u a l l y  a r e  composed of t h e  elements  conta ined  i n  t h e  union  of t h e  ove r l app ing  

c l u s t e r s .  

7. C l u s t e r s  produced from t h e  th re sho ld  m a t r i c e s  f o r  v a l u e s  of T z 0 .6  

tend  t o  d i v i d e  t h e  terms j-nto s e t s  of d i s j o i n t  c l u s t e r s  which a r e  s m a l l  i n  

s i z e  and genc ra l  i n  n a t u r e .  F ~ S  over lapping  ~i~axirnal. complete  su3graphs 

found f o r  lcver v a l u e s  of T, t h e  r e p r e s e n t a t i v e  c l u s t e r s  f o r  h ighe r  v a l u e s  

o f .  T t r i l l  gene~:al.ly correspdnd t o  t h e  i n t e r s e ~ t ~ o n  of t h e  elements '  conta ined  

i n  t h e  over]-apping maximal complete subgraphs. 
I 

It j s important  t o  n o t e  that: t h e  conclus ions  and e v a l u a t i o n s  p re sen ted  

i n  t h i s  paper a r e  based on t h r e e  d i f i e r c n t  c l u s t e r  d e f i n i t i o n s  produced from 

fou r  d i f f e r e n t  t h re sho ld  m a t r i c e s  on one d a t a  base .  The e v a l u a t i o n  of a 

c l u s t e r  and t h e  de t e rmina t ion  of i ts  re l evance  t o  t h e  d a t a  s e t  can be  a  

func t fon  of what c1ust:ers a r e  cons idered .  It i s  c l e a r  from t h i s  s tudy  t h a t  . 

no s i n g l e  t h re sho ld  v a l u e  o r  c l u s t e r  def5.nri.tion can  b e  guaranteed  t o  produce 

- ,worthwhile  c l u s t e r s  r e g a r d l e s s  of t h e  i n p u t  d a t a  s e t .  Rather ,  s e v e r a l  

d i f f e r e n t  t h re sho ld  v a l u e s  and cluster d e f i n i t i o n s  should  b e  t e s t e d  t:o de te rmine  

which produces t h e  b e s t  r e s u l t s  f o r  t h e  par t jcu l .a r  d a t a  s e t .  The u s e r  can  

'gain g r e a t e r  i n s i g h t  l n t o  t h e  s t r u c t u r e  of t h e  d a t a  b a s e  by viewing s u c h .  

. . a l t e r n a t i v e  c l u s t e r s .  The d e c i s i o n  of what parameters  t o  u s e  i n  d e f i n i n g  

c l u s t e r s  of a d a t a  s e t  should be dependent upon how the c l u s t e r i n g  p roces s  i s  

t o  be  i~~ipl.e.mented and, i n  l i g h t  of t h i s ,  what t y p e  c l u s t e r s  will. p rov ide  t h e  

DOSE meaningful r e s u l t s .  This  w % l l  be  . e ~ p l c ~ r c d  i n  a companion paper .  



Figure  3 ,  Average ~ ~ G s t e r '  Sj.ze 



Figure  I, ,  Total Number of Clusters 



APPENDIX 1 

BI:T:RSTOI.IE'S AS,GOIt1Tbil~l vOI{ FINDING PLtLYIZ'lAJ~ COblPLETE SUBGR4l'IIS 

The fo l lowing  n o t a t i o n  i s  used by t h e  a lgo r i thm:  

M : An a r r a y  conta in ing  those  nodes g r e a t e r  than  j t h a t  t h e  j t h  
j 

node i s  connected t o .  

pk: The 'k' nodes of t h e  data s e t .  

Cj: A s e t  of a r r a y s  i n  which maximal complete subgraphs are b u i l t  up. 

W : A temporary s t o r a g e  l o c a t i o n  which c o n t a i n s  t h o s e  nodes of t h e  M 
j 

b e g i n  processed which have n o t  y e t  been  p u t  i n t o  some member of C 
i ' 

S,T:' Temporary s t o r a g e  l o c a t i o n s .  

&iat:ion --- of -- t h e  APy,orithru -- 

Step  I, i = 0 

3 = nuriher of nodes i n  t h e  l n p u t  d a t a  . . 
S t e p 2 .  j = = j  - I  

I 

.. S t e p  3 .  -I.f.lf: = 0 -- go t o  S t ep  2. 
J 

Otherwise, cont inue  t o  S tep  4 .  . /" 
S t e p  6; For each pkC M .  i n c r e a s e  i by I and p u t  C 

J 

S t e p  5. j = -j - I . 

S t c p  G .  If j = 0 we a r e  f i n i s h e d  and t h e  s e t  of a r r a y s  C r e p r e s e n t s  

the nodal  s e t s  of a l l  max51nal complete subgraphs of t h e  i n p u t  

s e t .  

If -J 0, cont inue  t o  S t ep  7. 
- 

- S t e p  7 ,  I f  M4 = 0, go t o  S t ep  5 .  
J 

OtherwJ.se, set W = M 
j 

and con t inue  t o  S t c p  8. 



Step  8,  k = k -I- 1 

S t e p  3. I f  k = L -I- 1, go t o  Step 1.7. 

. Step  10. T = C ~ ~ M  
3 

ff T c o n t a i n s  f e v e r  t han  2 nodes, go t o  S t e p  8; o t h e n d s e ,  

d e l e t e  from W all nodes common t o  T and W and c o n t i n u e ' t o  

S t ep  11, . . 

. Step  11. I f  T = C go t o  S t ep  15. 
k 

Step  12. I f  T = M  i = 1-k 1 
j ' 

c i  = r w { p j l  

and go t o  S t e p  5; 

o therwise ,  con t inue  t o  S t e p  13. 

Step  13. Is T a s u b s e t  of any C (q = 1 9 e , , , k - 1 3 k - k 1 9 . . . 9 f )  
4 

t h a t  con ta ins  p .? - 
J - 

I f  y e s ,  go t o  S tep  8; 

o therwise ,  s e t  S  = T L!ip. 1 and cont-inue t o  S t e p  1 4 ,  
3 

Step  1 4 .  1s some C (q = L-1-1,. , . , i) a  s u b s e t  of S? 
4 

I f  s o ,  pu t  Cq - S and d e l e t e  any C (r = q4-I,. . . s f )  r 
which is  a l s o  a s u b s e t  of S; 

If not ,  s e t  i. = % 4- 1 
<# 

/ 
Ci = S 

. a 

Go t o  S tep  8. 

: Step  15, Put  node p i n t o  C 
5 k * 

D e l e t e  any C (q = Wl,, , , , i )  t h a t  Is a s u b s e t  of  t h e  
4 

a l t e r e d  C 
k' 

Continue t o  S t ep  16 ,  ' . . 
Step  16 ,  I f  T = M  , go t o  s t e p  5; 

il 
o therwisc ,  go t o  S t ep  6. 

Step  IS. For each p  remaining i n  W, i n c r e a s e  i by 1 and p u t  
n - c, -' { P ~ '  pn}: 

,.< Go t o  Step 5 ,  



BONNER' S CLUS'I'ER-BUlId)l.KG ALGOR'L'J.'kII.I 

This  a lgor i thm b u i l d s  up a  c l u S t e r  one o b j e c t  a t  a t ime,  keeping t r a c k  

of i tems a t  each l e v e l  i of t h e  bu i ldup ,  The fo l lowing  i tems  a r e  used by 

t h e  algori thm: 

1. Ai - An a r r a y  r e p r e s e n t i n g  t h e  s e t  of o b j e c t s  i n  t h e  c l u s t e r  

a t  this p o i n t .  

2. Ci - An a r r a y  r e p r e s e n t i n g  t h e  s e t  of o b j e c t s  which could  

p o s s i b l y  b e  added t o  A t o  f u r t h e r  i n c r e a s e  t h e  c l u s t e r .  i 

3.  Li - An a r r a y  of numbers where t h e  ith element r e p r e s e n t s  t h e  

l a s t  a b j c c t  of Ci t o  b e  cons idered  f o r  a d d i t i o n  t o  t h e  c l u s t e r .  

4. Sj 'i - The i n p u t  t h re sho ld  m a t r i x  where S  i r e p r e s e n t s  t h e  set of 
L ' 

a l l  members r e l a t e d  t o  o b j e c t  L 
b ' 

Elements f o r  A, C,  and E a r e  s t o r e d  f o r  each i ~ a ~ h i c h  i s  s m a l l e r  t h a n  o r  
' equal  t o  t h e  p r e s e n t  i. The a lgo r i thm proceeds as fo l lows:  

S t ep  I. S e t :  I = I a - 

&L - AlU U V J  CLLS 
i 

a 

Step  2 ,  Consider C .  f o r  t h e  p re sence  of o b j e c t  I, 
a i : 

%f It j s  p r e s e n t  go t o  S t ep  3; 

. i f  n o t ,  add 1 t o  L and go t o  S t ep  5 .  

.Step 3 .  S t o r e  o b j e c t s  cornrno~l t o  C and S i a s  Ci + d e l e t i n g  I. i L i 
(from Ci + I) : 

S t o r e  o b j e c t s  i n  A ,  p l u s  L a s  s e t  A 
. . L i i -5. 1' 

Step  4. Add l t o  1,. and s t o r e  a s  
1 Li 4- I-' 



S t e p  5 ,  If L. is greater than  the  nunber of t h e  l a s t  ~ o s s i b l e  o b j e c t ,  
l. 

go t o  S t e p  6 ;  otllcrwise, go t o  Step 2, 

Step  6. S e t  % = 
*i * 

If C i s  empty, s t o r e  Ai a s  a c l u s t e r .  
i 

I f  C i s  n o t  empty t h i s  means e i t h e r  t h e  c l u s t e r  A has  been  
i i 

found b e f o r e  o r  i t  is a s u b s e t  of a c l u s t e r  found b e f o r e .  

S t ep  7. i = i - 1 
If i = 0 ,  a l l  c l u s t e r s  have been found--stop; 

o t h e n c i s e ,  go on t o  S tep  8. 

S t ep  8. Form the.  s e t  of a l l  o b j e c t s  i n  C w i t h  numbers g r e a t e r  than L 
i i ' 

I f  t h e s e  a r e  n o t  a s u b s e t  of T, go t o  S t e p  9, 

I f  they  a r e  a s u b s e t  of T ,  i t ' m e a n s  t h a t  t h e  c l u s t e r  found 

from t h e s e  o b j e c t s  wou1.d only  b e  a s u b s e t  of T;  t h e r e f o r e ,  go 

-to Step  7 .  



APPENDIX 3 

,- --- 
* 

(1) 2 - The th re sho ld  l e v e l .  

(2) Nodes - The number of nodes t h a t  a r e  connected t o  a t  l e a s t  one o t h e r  node. 
The t o t a l  number of terms (nodes) i n  t h e  d a t a  se t  was 3950. 

(3) j of C.C.  - The number of connected components i n  t h e  graph.  

( 4 )  N.N.  - The number of nodes i n  t h e  l a r g e s t  connected component. 

(5) % Nodes jn PICS - The percentage  of nodes con ta ined  i n  connected components 
which form maximal complete subgraphs.  

' ( 6 )  --- % C.C. on MCS - The percentage  of t h e  connected components vrhich form 
maximal complete subgraphs . 

.El) & - The t ime i n  minutes rciluirecl t o  f i n d  a l l  connected componez~ts of 
t he  graph.  

% 
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